1. Introduction Gromov and Lawson GL2] and Schoen and Yau ScY] have shown that no compact manifold of nonpositive sectional curvature can be endowed with a metric of positive scalar curvature. As is very well recognized by now, their approach is actually based on a restriction on the coarse quasi-isometry type of complete noncompact manifolds of positive scalar curvature. Our goal in this paper is to explore the situation if we study the problem of complete metrics with no quasiisometry conditions at all.
Let M be an irreducible locally symmetric space of noncompact type of nite volume. It is the double coset space ?nG=K associated to a lattice ? in a semisimple Lie group G. Our main theorem is the following: Theorem 1.1. Let Ampli cation 1.2. 1. In the Q -rank 1 and Q -rank 2 cases, one cannot have a metric of uniformly positive scalar curvature even in the complement of a compact set. 2. On the other hand, in the cases where we do construct these metrics, they can be chosen to have nite volume or bounded geometry in the sense of having bounded curvatures and injectivity radius bounded away from zero (but of course not both).
We will not address here the natural question of whether the positive scalar curvature metric can be chosen coarse quasi-isometric to the natural metric on M. The metrics constructed here in section 2 1 AMS 1991 Subject Classi cation: 53C20, 05B45, 58G10 The rst author was partially supported by an NSF-YI award. The second author was partially supported by an NSF grant. The authors would like to thank Miriam and Bud Diamond for their hospitality while this paper was written. 1 have the coarse quasiisometry type of a ray. The classical methods discussed above show that the metrics cannot be chosen quasiisometric (i.e. uniformly biLipschitz) to the natural metric on M. Another natural question we do not address here is whether the complete positive scalar curvature metrics can be chosen to be bounded geometry in the sense of having bounded curvatures and volume. Our argument in the last section obstructing the existence of complete positive scalar curvature metrics for quotients where the Lie group has low rank or the arithmetic group has low Q -rank is based on the picture of the ends of these manifolds given by Borel and Serre S] . According to the compactness criterion of Borel and Harish-Chandra, Q -rank = 0 implies compactness and necessity in this case is the theorem of Gromov-Lawson and Schoen-Yau mentioned above. For R-rank = 1 one has the situation of cusps and there are infranilmanifold \sections" of the cusps at the various ends. These are examples of what Gromov and Lawson call \bad ends", as their universal covers have contracting maps to appropriate Euclidean spaces, and the results of Gromov and Lawson cover this case as well. Thus one is in the situation of R-rank at least 2 and, by Margulis's work, arithmetic groups. For Q -rank = 2, there is still a beautiful aspherical, but rather mysterious, manifold which is a cross section of in nity. We do not know whether it has the appropriate \hypersphericality" to obtain the nonexistence result from GL2]. However, instead we prove an appropriate Novikov conjecture type result and Bochner type argument to still show that we have a \quite bad end", namely the kind of end that does not support a metric whose negative scalar curvature set has compact closure.
Our results should be understood within the context of the (even stable) Gromov-Lawson-Rosenberg conjecture and its analogue, the Novikov conjecture. The topological analogue of characteristic class obstructions to positive scalar curvature are characteristic class obstructions to proper homotopy equivalence. The analogue of Theorem (1.1) in this setting, the rigidity aspects of which are essentially due to Farrell and Jones, FJ3] Thus, unlike the case of closed manifolds discussed by Rosenberg in RS] , the main problem in completing the picture analogous to the signature operator case (and by analogy to the closed manifold situation) is that there is no assembly map from KO n (B 1 ; B 1 1 ) to the appropriate K-theory of some C -algebra that could be the relative K-theory, and which might reasonably be an isomophism for torsion free groups. The Baum-Connes conjecture makes predictions about the reduced C algebra, and for such C algebras one only has induced maps for injections of groups, or at least homomorphisms where the kernels are amenable. In the Q -rank 2 case we consider, the relevant kernel is free of in nite rank, so this heuristic cannot be directly applied. It is thus a rst interesting case where a new method is needed and that is what is provided here. The same reasoning we employ veri es the reduction of the vanishing of the higher relativeÂ-genus to the injectivity of an assembly map for e.g. any simply connected manifold, even if the fundamental group at in nity is not amenable. 1 injects into 1 , one can reduce the conjecture to the injectivity of the appropriate assembly map. This excludes many manifolds which do not have \bad ends" at all, e.g. which can support metrics whose nonpositive scalar curvature set is compact. For instance, a punctured n-torus or punctured hyperbolic manifold have \good ends" but as suggested by this conjecture, they have no complete metrics of positive scalar curvature.
We hope to eventually combine the methods of the special cases considered here with the approach of that forthcoming paper to give a systematic treatment of obstructions to complete metrics of positive scalar curvature under plausible Novikov type conjectures, that are hopefully veri able in interesting cases.
Constructing metrics on non-compact manifolds
Our goal in this section is to construct manifolds of uniformly positive scalar curvature on locally symmetric spaces of Q -rank at least 3. We will in fact prove a rather general theorem about existence of metrics of uniformly positive scalar curvature on locally compact manifolds. (This will by no means be the most general theorem on the subject.) It is a generalization of the bordism criteria of Gromov and Lawson GL1] and Rosenberg and Stolz, RS1] . Now we will apply the Schoen-Yau-Gromov-Lawson surgery theorem and its proof which assert that if we do surgery on in codimension 3 on a manifold of positive scalar curvature, then we can put on the new manifold a metric of positive scalar curvature and that this procedure is local. Furthermore, by examination of their proof, one can achieve that the scalar curvature on the new manifold is greater than or equal to 0 where 0 is the scalar curvature on the original manifold and < 1 is any xed constant. When there are an in nite, but locally nite sequence of surgeries we can achieve: Theorem 2.1. Let In light of the surgery theorem 2.1, to construct manifolds of positive scalar curvature, we need a criterion that implies that we can construct a manifold from a given one by a locally nite sequence of surgeries of codimension at least 3. We now make an analogous de nition to RS1].
Consider a map B ! BO, which we can assume is a bration by standard homotopy theory. We will assume for simplicity that B has locally nite n-skelata, for , that W has a handle decomposition from M to X without handles of dimension 0; 1 or 2. Thus the dual decomposition from X to M has a presentation without handles of codimension 0; 1 or 2. Hence we can go from X to M by a locally nite sequence of surgeries of codimension at least 3. Thus by the surgery theorem, 2.1, the conclusion of the theorem follows. Now we construct the metrics on the locally symmetric spaces. 
Now, X being the boundary of a regular neighborhood of the 2-skeleton means that X can be constructed as follows: Take an n-sphere for every 0-simplex. Clearly, this has a complete metric of uniformly positive scalar curvature and nite volume. Then do a 0-surgery for every 1-simplex, a 1-surgery for each 2-simplex. By 2.1 X has a complete metric of uniformly positive scalar curvature and nite volume. Hence X is a proper B-manifold with uniformly positive scalar curvature and nite volume. We have thus completed the proof of su ciency in Theorem 1.1 and its ampli cation, except for the assertion about bounded geometry. Now let us describe the modi cations necessary to produce bounded geometry instead of nite volume. To do this, we will be more explicit about the proper cobordism between M and X. The idea here is that since M has a collared end, (and we will see that X can also be so constructed), the proper cobordism between them can be arranged to also have a collared end. Thus we can perform the surgeries from X to M in a periodic manner, in particular, ensuring bounded geometry. We begin with the following topological lemma: Lemma 2.5. Let Now we construct X similarly to the nite volume case. Except we begin with a smooth triangulation of M and consider in it the interior 2-skeleton K, that is the union of simplices of dimension less than or equal to 2 that do not intersect the boundary. Since K does not intersect the boundary, the regular neighborhood N(K) is a manifold with boundary lying completely in the interior of M. Then as above, N(K) can be constructed by taking a 0-handle for each 0-simplex, attach a 1-handle for every 1-simplex, and a 2-handle for every 2-simplex. We thus arrive at a compact manifold, with boundary @N(K), which is therefore constructed by surgeries as in the nite volume case. @N (K) is collared in N(K), i.e. there is a neighborhood of @N(K) di eomorphic to @N(K) (0; 1]. Extend N(K) by an in nite collar, that is, add to @N(K) (0; 1], @N(K) 1; 1). This is X. This comes equipped with a B = M 0; 1) structure. And since B n ( 0; 1)) vanishes, M and X are properly B-cobordant.
Finally, we appeal to a result of Gajer's, Gj] , that says: if N is a compact manifold curvature (not necessarily connected) with a metric ds 2 N , of positive scalar, and let N 0 be obtained from N by a surgery of codimension 3. Let W be the trace of this surgery. Then W can be given a metric of positive scalar curvature ds 2 W which is a product metric ds 2 N + dt 2 in a collared neighborhood of N and in a collared neighborhood of N 0 . Recall the construction of N(K) and @N(K) by handle attachments and surgeries, respectively. We started by taking a 0 handle for each 0-simplex. We can put on the boundary of these 0-handles a metric of positive scalar curvature and extend it to the handle to retain positive scalar curvature and so that it is a product in a collared neighborhood of the boundary. Now Gajer's theorem lets us do the same for the 1 and 2 dimensional handle attachments as well. Thus we end up with a metric of positive scalar curvature on N (K) which is a product on a collared neighborhhod of @N (K) . Since the metric has such a product structure, it extends to the in nite collar and thus we arrive at our B-manifold X with a complete metric of uniformly positive scalar curvature and bounded geometry, together with the fact that it properly B-cobordant to M. Now use the previous lemma to ensure that the cobordism from M to X has a collared end as well. This also implies that the cross sections of in nity @M and @X are B-cobordant.
Let's look at the structure of the surgeries that must be done to go from X to M by virtue of the fact that the end of the cobordism W is collared. Since the cross sections of in nity are B-cobordant one can go from X to M by a nite sequence of surgeries of dimension of codimension 3. After that any surgeries that should be done at in nity should rst be done outside a compact set, and in a translation invariant fashion. (This can be done without self intersection among the handles by the standard construction that goes from a handlebody on the cobordism from @X to @M to one on the product with a ray { wherein each i-handle becomes replaced by an in nite translation invariant collection of i and i + 1 handles.) Having done this one has a complete bounded geometry uniformly positively scalar curvature metric manifold V which has the same end as M, and is B-cobordant to it by a cobordism with compact support (i.e. which is a product outside a compact set). The compact Gromov-Lawson surgery theorem then gives the metric on M. It clearly has bounded geometry, completing our proof. 
= jj X (hD = 2 ; si + 2 hs; si) 0 jj C r ? (Here, C 0 (M) + denotes the algebra C 0 (M) with a unit adjoined and is therefore the same as the continuous functions on the one-point compacti cation M + .) We now show that the element so de ned in according to BCH] . This is implicit in Kasparov, K] . This completes the proof of the theorem. . The preceding proof can be greatly generalized and seems to be useful in many cases where one as an extension of a group for which one knows Novikov with coe cients by a group for which one knows BaumConnes. For example, the same method proves the following result. cusp and double the resulting cusp using the given Riemannian structure near the two ends and any Riemannian structure in the interior (there is no canonical metric doubling for a manifold whose boundary is not metrically collared, although away from the a neighborhood of the former boundary, one can use the original metric), to obtain a new manifold, V , di eomorphic to the slice cross R, and which is uniformly positive scalar curvature outside of a compact set. If V is spin then one can directly apply the Bochner-Lichnerowicz argument of section 4 with the index theorem of section 3 to get vanishing of the K-theoretic higherÂ-genus, which contradicts the strong Novikov conjecture, since for an aspherical manifold, the homology A-genus does not vanish. If V is not spin, it still has a spin universal cover (by asphericity), so one can modify this argument in exactly the same way that Rosenberg does in R]; one uses the Dirac operator on the universal cover thought of as being equivariant with respect to a Z=2Z group extension of 1 (V ). This completes the proof of Theorem (1.1).
Remark 6.1. Consider the manifold M constructed in Remark 2.6, 2., from a Hitchin sphere. We can use the same doubling trick to show that M has no metric of uniformly positive scalar curvature . For if M had such a metric, we cut M at a cross-section of in nity, and double the end as above, putting any metric on the section where it is glued. We this arrive at a manifold with a metric of uniformly positive scalar curvature o a compact set. Then a generalization of the index theorem above to real K-theory shows that this is obstructed by the same element that obstructs in Hitchin's argument.
Let us now turn to the issue of proper rigidity of KnG=?. We will only make several remarks here, postponing a more detailed discussion to another paper. We will break down Theorem 1.3 into several propositions.
De nition 6.2. A manifold X is called properly rigid if any ANR homology manifold with the disjoint disk property proper homotopy equivalent to it is homeomorphic to it. This is equivalent to a slightly stabilized version of the more naive version of rigidity using manifolds proper homotopy equivalent to X in light of BFMW] . In particular all of the compact rigidity results of e. Proof. Since the fundamental group at in nity is ?, the proper surgery obstruction group vanishes, so the structure sequence for for homology manifolds BFMW] implies that there is always a proper homotopy equivalent homology manifold with any given resolution obstruction. The parenthetical remark follows from ordinary proper surgery, T].
Proposition 6.4. If the real rank of G is 1 or the Q -rank of ? is 0 or 1, then KnG=? is properly rigid (even in the setting of homology manifolds).
Proof. This is established in FJ3] aside from the issue of homology manifolds. (Essentially, the proper homotopy equivalence is rst made into a homeomorphism at in nity, using the Borel conjecture for the group at in nity as well as the vanishing of Whitehead and projective class groups. Then one has an essentially compact situation, so the Borel conjecture for ? makes this rel in nity homotopy equivalence homotopic, rel in nity, to a homeomorphism.) However, the Novikov conjecture for ? or the fundamental group at in nity (for the noncompact case) implies that the resolution obstruction of Quinn BFMW] is homotopy invariant for aspherical homology manifolds, so one is reduced to the case of manifolds, after all.
Remark 6.5. Note that the same proof works in the Q -rank 2 case if the Borel conjecture for the fundamental group at in nity were known.
